Let p be a prime and u an integer coprime with p. The Fermat quotient q p (u) is the unique integer satisfying
If p|u, we set q p (u) = 0.
The distribution of Fermat quotients and related sequences is interesting from several perspectives. First, there are several applications, in particular to algebraic number theory and computer science. Fermat quotients play for instance a role in primality testing (see [L] ) and are well-studied as model for generating pseudo-random numbers. (See [COW] .) From the analytical side, establishing discrepancy bounds for those sequences relies on the theory of exponential sums. Those methods provide nontrivial results, but there is nevertheless often a large gap between what can be proven and the conjectured truth.
Exponential sum estimates for partial sequences q p (u), u = n + 1, . . . , n + N appear in the work of Health-Brown [Hb] . Our interest in this paper is incomplete character sums, following up on the paper [S1] . More precisely, we obtain nontrivial estimates on sums of the type Thus the restriction on N is weaker than those imposed in [S1] . Our results contribute to some of the problems put forward in [S2].
For shorter range (N > p

3/4+δ
), we have the following result (the saving on the bound is only logarithmic).
With respect to Theorems 3.1 and 3.2, the statements remain valid for general intervals [M, M + N ] as in [S1] .
The method is based on a new result on the distribution ( mod p) of the sequence uq p (u) for u = 1, . . . , p, (see Proposition 2.1) which is another issue brought up in [S1] . Its proof relies on the Heilbronn exponential sum bound from [Hb] and [HbK] . which is combined with combinatorial estimates from [BKS] . §1. Preliminaries.
where v is an arbitrary fixed integer.
: (x, p) = 1}, and let 1 G be the indicator function of G. Then
(1.2) Remark 1.2.1. The subgroup G in Theorem 1.2 has the following properties.
(i). |G| = p − 1.
(ii). There is a one-to-one correspondence between {1, · · · , p − 1} and G by sending x to x p . Fact 1.3. Note that
Our main result is the following.
Proof. It follows from property (ii) in Remark 1.3, we have 
where
Putting (2.3) and (2.4) together, we have
(2.6) (The second inequality is by Cauchy-Schwarz.)
, we will use Theorems 1.1 and 1.2 and an argument from [KS] .
(The first inequality is by Cauchy-Schwarz, and the second inequality by Theorem 1.2.)
Next,
+2
. §3. Character sums with Fermat quotients.
Theorem 3.1. Let χ be a nontrivial multiplicative character mod p and
Proof.
For gcd(x, p) = 1, we write 
. Using Weil's bound for the last factor gives
The same approach applies to
As in the proof of Theorem 3.1, for gcd(x, p) = 1, we set
We obtain
This is (3.1) in the proof of Theorem 3.1. §4. Sums over primes.
In the same paper [S], Shparlinski also obtained nontrivial bound on Remark 4.1.1. The analysis in the proof of Theorem 4.1 can be made more precise to give a better dependence of δ 1 on δ but we only want to get a nontrivial bound under the weakest possible assumption on N .
We will use the following two lemmas.
Lemma 4.2. Let η 1 and η 2 be functions defined on Z/pZ such that
and
2) for some δ > 0.
Let χ be a nontrivial multiplicative character mod p. Then
The proof of Lemma 4.2 is analogous to the argument used to prove Theorem 3.1.
Proof. In Theorem 1.1, we take n = p 2 , t = p and 
µ(b)Λ(c). (4.5)
Take y = z = 2 √ N so that the last term in (4.5) can be omitted. We obtain
(4.6) Using Fact 1.3 and a standard argument (See e.g. Theorem 3.4 in [S].), we reduce the second sums in (4.6) to bilinear sums of the form
with To estimate (4.7), we will use Lemmas 4.2 and 4.3.
and linear sums
Clearly,
U ≤u≤2U |α(u)| < p and similarly for η 1 . Also, from Lemma 4.3,
We rewrite (4.7) as 
Proof. First, we note that
Thus, instead of (4.7) and (4.8), we have 9) with
For (4.9), we define α 1 (u) = α(u)χ(u) and β 1 (v) = β (v)χ(v) . We obtain the same bound as for (4.7).
Bounding (4.10) amounts to estimate . In fact, it suffices to assume X > p 1+δ since the same argument as for Theorem 3.2 is applicable.
Thus, setting
Following the same argument, we need the analogue of Proposition 2.1 with u on Z/pZ defined as
Following the proof of Proposition 2.1, we have
Let K be as in the proof of Proposition 2.1. Then
As for (2.5), we need to estimate
: xλ ≡ ξ , but the saving on the bound is only logarithmic. 
Proof. We will remove subintervals (where we use the trivial bounds on the character sums) until Lemma 4.2 is applicable.
We fix
.
(5.1) (The last inequality follows from Prime Number Theorem.)
We will make a further subdivision of V .
(5.2) be a small parameter. We choose j 1 , j 2 such that
] and let
n has a single prime divisor in P j and no prime divisors in
Clearly, from the definition,
Hence, by Prime Number Theorem and that j ≤
It follows from (5.4), the definition of V j that
Hence, using the bound on |P j | gotten in (5.5), we have
Therefore,
Note also that from the definition of Ω j , the product map
is a one-to-one and onto.
Combining (5.1), (5.5) and (5.6), we have The theorem follows from (5.7) and (5.9).
